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Quantum geometric tensor

Metric for the distance between quantum states
Provost, Vallee, Comm. Math. Phys. 76, 289 (1980)

0% = [Ju(k + dk) — u(k)||? = (u(k + dk) — u(k)|u(k + dk) — u(k))

Introduce gauge invariant version  (u(k) « u(k)e!*®))
==) Quantum geometric tensor (Fubini-Study metric)
Bij(k) = 200k, u|(1 — |u)(u])|Ok; u)
Re Bij — Yij guantum metric df? = D ij 9ijdkidk;
Im B;; = [QBerryij Berry curvature

Chern number: (' = i d’k OQBerry (k)
T JB.Z.



Bij(k) = 2(0k,ul(1 — [u) (u])[O; u)
Re Bij — (Jij quantum metric dl? = Zz’j gijdk;dk;

u(f, ) = e /2 cos(6/2) |0) + e/ sin(0/2) |1)
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Quantum Geometric Tensor (QGT) observation
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Quantum Geometric Tensor (QGT) observation
Cuerda, Taskinen, Kéallman, Grabitz, PT, PRR(L), PRB (2024) g
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Quantum geometric tensor (QGT) with projectors

Bij(k) = 2(0k,ul(1 — [u) (u])|O; u)
Re Bij = gij quantum metric d¢? = 3, . g;;dk;dk;

Im B;; = [QBerryij Berry curvature

Projector to the band(s) of interest: P (k) = |unk) (Unk]|

P(k) = PT(k) = P*(k) P)=1- ) |tmk) (tm]
m#£n
(In this lecture) The periodic Bloch function: |tk )

The projector is gauge invariant: i) — €95 )

Bi;(k) = 2Tr | P(k)0y, P(k)0y, P(k)]




Bi;(k) = 2Tr[ P(k)dy, P(k)Oy. P(k)]
IS positive semidefinite complex matrix; i.e. of the form where b is an arbitrary vector:

Zij b; Aijbj = 0

The real part is the quantum metric:

9ij(k) = Re B;; (k) = Tr |0k, P (k)0 P(k)]

And the imaginary one is the Berry curvature:

Pporry = j£ dk - A(k) = / dS - Vi x A(k)
7y S

1
— 5 [ dSie " m B )
S

2 Berry connection:

A(k) = 9 (unk|Vkunk)



Quantum geometric tensor in physics

Quantum metric

Theory ReBo: — a.. )
Quantum information ij = Yij db= = _,: gijdkidk;
Bengtsson, Zyczkowski (2006) ImB;; = [QBerry]ij

Bij(k) = 2(0k, ul(1 = |u){u])| Ok, u)

Quantum phase transition
S. J. Gu (2006)

Signatures in current noise
Neupert, Chamod, Murdy, PRB (2013)

Fractional Chern insulators
Dobardzi¢, Milovanovi¢, Regnault, PRB (2013)
Roy, PRB (2014)

Superconductivity (our work, since 2015)

Excitons in transition metal dichalcogenides
Srivastava, Imamoglu, PRL (2015)

Orbital paramagnetism

Gao, Yang, Niu, PRB (2016)
Piéchon, Raoux, Fuchs, Montambaux, PRB (2016)

Photonic systems

Ozawa, PRB (2018)

Plus increasing number of works since 2019:
especially on superconductivity,
Fractional Chern insulators, various
transport phenomena, even electron-
phonon coupling (Yu ... Errea, Bernevig 2023)

Berry curvature
(Chern number)

(Fractional) quantum Hall effect
Topological insulators
Topological semimetals
Topological defects and textures
Topological superconductors
etc

Perspective on quantum geometry
PT, PRL 2023
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Superconductivity: Cooper pair formation
competes with kinetic energy

A1

Weak interaction U
Large kinetic energy (Fermilevel) 1, e_l/(UnO(Ef))
Low critical temperature

Constituents: interactions, density of states (DOS)

Remove the kinetic energy/maximize DOS:
Interaction effects dominate!



Flat bands: interactions dominate

Dispersive band U<<W:
€nk " (r) o eik'ru k(r) TC for Cooper pairing
n — n

«W{™\_" / T, o o=/ Uno(Ey)

(periodic part of) the Bloch function

k
Flat band U>>W: —
€k = constant T < UViat band
€ Oe
nk Group velocity: azk =0 High Z¢ for pairing
(Khodel, Shaginyan, Volovik,
No interactions: insulator at any filling Kopnin, Heikkila)
k

This is the critical temperature for Cooper pairing

A(r) = (o (r)or(r))  Alr) = |A(r)]




Superfluid weight:
supercurrent and Meissner Effect

Supercurrent Current
J=—-D;A j=ocE E=-0A/0t
Order parameter phase gradient ~ A(r) = |A(r)]e?*¢(r)

V¢ — eA/h Invariant under gauge transformations

Free energy change associated with phase gradient

h2
AF = dSrZ +Ji;0i6(r);0(r)

22

London equation and penetration depth

V x B = 1]
VZB — /,L()DSB
Az = (poDs)~1/2




Superfluid weight:
supercurrent and Meissner Effect

Supercurrent Current

j=—-D;A j=ocE E=-0A/0t

Order parameter phase gradient  A(r) = \A(r)|e2i¢(r)

V¢ — eA/h Invariant under gauge transformations

Free energy change associated with phase gradient

h2

AF = — dSrZ +Ji10:(r)0;6(r)
2 1/2
Conventional BCS: D, = € Mp (1 — (@) eA/(kBT))
Meft ksl Zero at a flat

/ band!!!

Bandwidth 1,] =2,Y, 2

1
Meoff

o J X 8]%.6/{3.61{



Flat bands

Trivial: the extreme atomic limit

Non-trivial: due to interference effects




Formation of flat bands
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Sebastian
Huber Tovmasyan

Sebastiano
Peotta Andrei

Bernevig

Kukka-Emilia Huhtinen

Peotta, PT, Nat Comm 2015

Julku, Peotta, Vanhala, Kim, PT, PRL 2016
Tovmasyan, Peotta, PT, Huber, PRB 2016
Liang, Vanhala, Peotta, Siro, Harju, PT, PRB 2017  AleksiJulku  Dong-Hee Kim Tuomas Vanhala
Liang, Peotta, Harju, PT, PRB 2017 =
Tovmasyan, Peotta, Liang, PT, Huber, PRB 2018

PT, Liang, Peotta, PRB(R) 2018

Huhtinen, Herzog-Arbeitman, Chew, Bernevig, PT, PRB 2022
Herzog-Arbeitman, Chew, Huhtinen, PT, Bernevig, arXiv 2022

Ari Harju Topi Siro



Our multiband approach

MULTIBAND BCS MEAN-FIELD THEORY

multiband two-component attractive
Fermi-Hubbard model -U <0

Z tzagb’czaa jBo -U Z nza']‘”zaJ, f Z n;

jafo 1o
Introduce supercurrent
Ar) — A(r)e*9r Vo —eA/h
2(] Cooper pair momentum Gi(w,q)) = — inj (w,q)A;(w,q)
e’ d?Q |

Dsij =

D J— 1. J p—
V dgidg; | s qli% x(w=0,q)

LI1=%Y,%



Superfluid weight in a multiband system

Ds=D s,conventional D s,geometric

/ \ 1,7 =T,Y, 2

X 8I§Z ak] Ek Can be nonzero also in a flat band

Present only in a multiband case
Proportional to the quantum metric

\

[Ds,geometric] i X ngg

Peotta, PT, Nat Comm 2015
Liang, Vanhala, Peotta, Siro, Harju, PT, PRB 2017
Huhtinen, Herzog-Arbeitman, Chew, Bernevig, PT, PRB 2022



Simple analytical results in special cases

Time-reversal symmetry

Time-reversal symmetry for spin-¥2 particles

Relation between Fourier [K¢(—k)]* - KT(k)

transforms of hopping matrices

Spin index can be dropped
def

Enkt = €n,—k,l — Enk



Superfluid weight and quantum metric

Isolated flat band: W < U < Ehand gap l‘)
Cs

Uniform pairing: A hital 4= A Va:li(tzl \(/jvt;)en orbitalf |
related by symmetry!

o 462UV(1~—~1/) R,min
=) [DS]’ij — (2m)4—1 Ny, h2 M'ij
1 A= NU v =v)
orb
M% — — ddk Re B@'j (k)
21 JB.7. —r— D= 2" A7 M
s 7T52 UNorb Kl

quantum metric 9ij

Mean-field <: Peotta, PT, Nat Comm 2015
Huhtinen, Herzog-Arbeitman, Chew, Bernevig, PT, PRB 2022

Exact many-body —- Herzog-Arbeitman, Chew, Huhtinen, PT, Bernevig, arXiv 2022



Finite temperature, general case (non-isolated flat band)

Dg=D s,conventional T D s,geometric

e’ d9k 5] tanh(BE,k/2)] A?
Ds conventional,jl — To — 0; n 0 n
’ Honalat ™ 2 / (2m)4 Zn:[ 2C()Sh2(,8Enk/2)+ Enx ]Efbk e

eZAQ/ d%k Z [tanh(ﬁEnk/Q) B tanh(ﬁEmk/Q)]X

D, cdl =
,geometric,jl
hZ (27T)d Enk Emk

n#m

(Enk — Emk)2
EZ L E2
mk nk

| {0t |[tmc) (Umi|Ortunk) + (5 < 1)]



The geometric contribution originates from the
interband part of the current operator

€2A2/ d9k Z {tanh(ﬁEnk/Q) _ tanh(8Emk/2) y

DS 1 ] —
,geometric,jl
2 | (2n) B Epnx

n#m

(Enk — Emk)Q
Enn — Eny

[(ajunkmmk) <’U,mk’alunk> + (_] > l)}

Superfluid weight from linear response (current-current correlator):
<]z Z ng ) q W, q)
Dy = lim X(w = 0, q)
q—0
Expectation value of the current operator:

<umk|kaT(k)‘unk> — vk(‘tﬂnkénm + (Enk — Emk) (umk|vkunk>

H — HO _|_ Hll’lt Z Z 1(10' lO{ jﬁéjﬁo

ia,jB8 o



Lower bound for flat band superfluidity

Peotta, PT, Nat Comm 2015

The quantum geometric tensor 3, ;
IS complex positive semidefinite

— Ds 2 fB.Z. ddk‘QBerry(k)‘ 2 C

Time reversal symmetry assumed; C is a spin Chern number

Constituents: interactions, density of states (DOS)
and Bloch functions = quantum geometry and topology



The Cooper problem: two particles

PHYSICAL REVIEW

Letters to the Editor

UBLICATION of brief reports of important discoveries in
physics may be secured by addressing them to this department.

The closing date for this department is five weeks prior to the date of
issue. No proof will be sent to the authors. The Board of Editors does
not hold itself responsible for the opinions expressed by the corre-
spondents. Communications should not exceed 600 words in length
and should be submitted in duplicate.

Bound Electron Pairs in a Degenerate
Fermi Gas*

Leon N. CoorPer

Physics Department, University of Illinois, Urbana, Illinois
(Received September 21, 1956)

T has been proposed that a metal would display
superconducting properties at low temperatures if
the one-electron energy spectrum had a volume-inde-
pendent energy gap of order A~kT, between t
ground state and the first excited state.!> We shoul
like to point out how, primarily as a result of thé
exclusion principle, such a situation could arise.
Consider a pair of electrons which interact above a

VOLUME 104,

NUMBER 4 NOVEMBER 15, 1956

= (1/V) exp[i(ky-r1+ks-rs) ] which satisfy periodic
boundary conditions in a box of volume ¥, and where
r; and r; are the coordinates of electron one and elec-
tron two. (One can use antisymmetric functions and
obtain essentially the same results, but alternatively
we can choose the electrons of opposite spin.) Defining
relative and center-of-mass coordinates, R=%}(r1+r.),
r= (rg— r), K= Lk —kl) and lettmg

can be written

(8x+e&— E)ax+ 3w aw (k| H,| k')
X5(K—-K")/5(0)=0

@)

x(l‘,K) — zk (ak/\/v)eik-r’

1
(k| H,| k)= (% f dre—“‘"Hle“‘"') _
14 0 phonons

and

€ have assumed translational invariance in the m
The summation over k’ is limited by the exclusion
principle to values of 2, and %, larger than go, and b
function, which guarantees the 10n
of the total momen 1n a single scattering.

T. o e~ Y/ Uno(Ey)




The two-body problem in a multiband lattice

PT, Liang, Peotta, PRB(R) 2018
11+ T2+ AV(L,2)][4(1,2) = El¥(1,2))

The Cooper problem Add the Fermi sea: instability of the Fermi sea towards
pairing.

Now we claim

Flat band No Fermi sea but large degeneracy: instability towards breaking the
degeneracy, and thus towards ordered states, is given by the pair effective mass.



Quantum metric and the two-body effective mass
PT, Liang, Peotta, PRB(R) 2018

By — )\Z/de(x)ul.{(%(X)uk_%(x)z

periodic part of the Bloch function

For uniform pairing V' (x) = 1 we get approximately C' ‘)Oﬁ
’63

[m*:|ij NNorb g

ij ~ n(1l/m* )Z.j quantum metric

k

Same as the multiband BCS result!



The Cooper problem: dispersive vs. flat band

Dispersive Flat
Mass of constituent particles Finite Infinite
Cooper pair binding energy X eXp(— U[)P?EF)> x Up (analytic!)
Cooper pair effective mass Mpair = 2Mg p. o Uy X %lé?r?é:.um
Noninteracting ground state Fermi sea Highly degenerate
Is the Fermi sea needed? Yes No

No (Yes without

Fermi sea in 3D) INO

Interaction threshold



Why can there be transport in a flat band?

Localization and flat band due to vanishing Localization and flat band due to
overlap interference

‘ “ “ ‘ P / | \ N
Non-interacting 1-__4" ;;-"" | ‘A'\_f‘gt’: —A ,—15’-; —
2 . ~

- /. T
/ \ y,
/’ Y '\ / Y \
— * » - LargeToverIap - t
' .
Nooverlap
- w A Mgt — —
p- . /. . a % B
Interacting ‘s' ./'QQ\

/P '\'/ |

Q< o - T . \T
1 I

d Electrons can move because of Wannier
function overlap

() 74 () <= non-localized ’LU(I‘) = F[u(k)]

Brouder, Panati, Calandra, Marzari, PRL 2007

DSOng'j}C

Electrons stay localize



Comparison between flat band and parabolic band

Parabolic band Flat band
2
n 2 A 1/2 2 A R
D= [q_ ~A/(kpT) Dglij = M
T Mg ( (kBT) ‘ [ b]z’j wh? U?’L¢ *J
Ny Particle density
L «J  Bandwidth
Meff
Physical picture: global shift of the Physical picture: delocalization of Wannier
Fermi sphere functions.

Overlapping Cooper pairs: pairing
fluctuations support transport if pairs can be
created and destroyed at distinct locations

Ky

kx

c.f. A.J. Leggett, Phys. Rev. Lett. 25, 1544 (1970);
Bounds on supersolids related to (dis)connectedness of the density



Quantum geometric superconductivity:
confirmed beyond mean-field
BCS-state is the exact ground state at T=0

Julku, Peotta, Vanhala, Kim, PT, PRL 2016
Tovmasyan, Peotta, PT, Huber, PRB 2016

Exact diagonalization, DMFT, OMC, DMRG
Julku, Peotta, Vanhala, Kim, PT, PRL 2016
Liang, Vanhala, Peotta, Siro, Harju, PT, PRB 2017
Mondaini, Batrouni, Grémaud, PRB 2018
Hofmann, Berg, Chowdhury, PRB 2020
Peri, Song, Bernevig, Huber, PRL 2021
Chan, Grémaud, Batrouni, PRB 2022 (x 2)
Herzog-Arbeitman, Peri, Schindler, Huber, Bernevig, PRL 2022

Hofmann, Berg, Chowdhury, PRL 2023
Preformed pairs

Tovmasyan, Peotta, Liang, PT, Huber, PRB 2018
Perturbation theory with a Hamiltonian projected to a flat band
Tovmasyan, Peotta, Torméa, Huber, PRB 2016

U | _ _
H = 7 Z(TLZQT — nia¢)2

Exact results on the excitations possible! .... next ....




Quantum geometric superconductivity: exact results
on Cooper pair mass and excitations

1 N
Project to the flat band CTkao = Z cLﬁnga(k) N Z Poa(k) = N !
and assume the uniform ¢ k orb

B
pairing condition P7(k) = Z Unko) (Unko|
|UI neBb l ‘) 06

/X%

Ground state |7’l> X nTn ’()) 77T — ZELQTEJr—ka¢
ko

Cooper pair excitations governed

U
by an effective single particle h,s(q) = — |N| Z Pos(k + q)Pga(k)
Hamiltonian C K 0.3

» Single particles immobile 1 \U\ S 5
e Cooper pair mass from » = N Mij’ "
guantum geometry i orb =

* Leggett and Goldstone modes 0.1

Herzog-Arbeitman, Chew, Huhtinen, PT, Bernevig, arXiv 2022 0.0 P YR
1 1 — 1V 2%



Uniform Pairing Condition from symmetry

Are uniform pairing flat bands just fine-
tuning?
No! Uniform pairing is guaranteed by space
group symmetry and the orbitals

PE
Intuition: orbitals related by symmetry '>
have uniform pairing

Precise statement: Orbitals forming an
irrep of the site-symmetry group of a
single Wyckoff position have uniform
pairing



Non-isolated bands:
Band touchings increase the critical temperature

T
TpKT = g\/ det D3(TpkT)

0.25F

0.2

0.05F

6 7 8 9 10

0 1 2 3 4

5
U]

Huhtinen, Herzog-Arbeitsman, Chew, Bernevig, PT, PRB (2022)



Haldane-Hubbard model

0.4 & Tpxr(flat) P o A .
o Tiiz(dispem) p’ ¢' - s e Linear dependence of
-0~ TBcs(ﬂa,t) ! / ',0 A, TC’ DS on U
0.3 . g 4005 8 u .
-A- Tpog(dispers.)| ] |  Dramatic effect for
| small U

T/t 0.2 -

0.1

4
U/t
Liang, Vanhala, Peotta, Siro, Harju, PT, PRB 2017



Devil in the details (devil in the supplementary)

® ®

The first mean-field results:

(Peotta, PT, 2015)

Isolated flat band: W < U < Fpand gap

Uniform pairing: Aorbital # — A 1,] =T,Y, 2

4e*Uv(1 — v) d
[ ] ’ (27T)dNorbh2 /B.Z. | ) j( )

quantum metric gz'j

Problem: D, is independent of orbital positions (basis
iIndependence), while QGT depends on them!



Quantum metric in the SSH model

unit cell

| | 2 w V I__—___Z):I-

Integrated w
quagtum metric M = { v mwl) for v >w _ 0
of SSH model

for

Il



Superfluid weight and quantum metric

Isolated flat band: W < U < Ehand gap |‘>
Cs

Uniform pairing: A hital 4= A Va:li(tzl \(/jvt;)en orbitalf |
related by symmetry!

4e*Uv(1—v
‘ [DS]ZJ - (27-‘-)d1(j\[orb%/2

U

A= /(1)
R 1 d Norb
Mij = — d kReBw(k) 9 9
2T B.7. o 2e A R,min
[DS]'LJ T oR2 UNorbMij

guantum metric 9ij

Mean-field <: Peotta, PT, Nat Comm 2015
Huhtinen, Herzog-Arbeitman, Chew, Bernevig, PT, PRB 2022

Exact many-body —- Herzog-Arbeitman, Chew, Huhtinen, PT, Bernevig, arXiv 2022



Complete equation for the superfluid weight

d2Q 0°¢)
= — [diIm(A)]" A[d;Im(A),
Conserved Not conserved Not conserved
TRS: Ay (q) = A% (—q)

9% 9% Q)

OImA0ImAs T GImAgaImANorb \
A = : . :

9% 0%

\8ImANorb OImA o T 8ImANorb BImANorb )
dImA dImA g
dIm(A) = [ ———=2 . SN
dg; dg;

® The minimal quantum metric, i.e. the one with the smallest possible
trace, is related to the superfluid weight in isolated flat bands with TRS
and uniform pairing.




Example: the Lieb lattice

of. T T T T u T T T T 1"

07 o b 1.9+

- ;" ' g il
: 1A - —
. 0
CIEL N << S L
: ' : =
1 1 1
N S &
- - - - - v 0q = 0 OOOQQODOOOG
1+ T ocazes | T
— a:= . o
T « complete ot
m-———1 =4 SEPIEE I S SEra e S M M A 1t Mg
U] U U

0%
At worst, —

—_— can give an incorrectly nonzero superfluid weight.
V aqié‘qj

q=0




Superfluid weight: the general case

Non-isolated band, non-TRS results exist as well (but more cumbersome)

Note: whether to use free energy or grand potential is subtle in the non-
TRS case (for TRS, they produce the same result since u(q) = u(-q))

_62 d?F {D]”_ez d?Q
V dqidqj q=0 St V dqidqj q=0

D]

Peotta, PT, Nat Comm 2015 (the first paper)
PT, Peotta, Bernevig 2022 (easy-to-access review)

— Huhtinen, Herzog-Arbeitman, Chew, Bernevig, PT, PRB 2022 (corrections identified)
__—" Peotta, Huhtinen, PT, arxiv:2308.08248 (pedagogical review)

Up-to-date basis-independent formulas

Basis-independent formulas can be derived also based on RPA (Peotta, NJP
2022; Minh, Peotta, PRR 2024)
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