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Spin-space groups
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Group Structure

• Non-coplanar
Local symmetry: None
For every 𝑔 ∈ 𝑃, assign a spin operation 𝑋!𝑈! ∈ 𝑂(3)
𝓖: a 3D real representation of 𝑷

• Coplanar, 𝓖=𝓢×𝑮
Local symmetry:
For every 𝑔 ∈ 𝑃, assign a spin operation 𝑋!𝑈! ∈ 𝑂(2)
𝑮: a 2D real representation of 𝑷

• Collinear, 𝓖=𝓢×𝑮
Local symmetry:
For every 𝑔 ∈ 𝑃, assign a spin operation 𝑋!𝑈! = ±1 ∈ 𝑂(1)
𝑮: a 1D real representation of 𝑷

Spin Space Group:

Parent Space Group:

U: SO(3) spin-rotation
X: I or T (time-reversal)
s(I)=1, s(T)= -1

All subgroups of 𝑷×𝑶(𝟑)
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O(3): Examples (P=P3,non-coplanar)

GM1 
(identity)

GM2GM3, L=+-1 rep

𝐷 𝑡 = 1⊕1, 𝐷 𝐶!" =𝑒#$⊕ 𝑒!"# 𝜔 = $%
&

è3D	real	rep	
𝑋%𝑈% = 𝕀!×!

𝑋''𝑈'' =
cos𝜔 −𝜁 ⋅ sin𝜔 0
𝜁 ⋅ sin𝜔 cos𝜔 0

0 0 1
𝜔 = ()

!

A	global	spin	rotation	may	change	𝜁è 𝜁 = ±1 correspond	to	the	same	SSG
𝜁 = 1 corresponds	to	MSG	P3’
𝜁 = −1 corresponds	to	SSG	symmetry	(SOC=0)

A1    (k=00pi)
𝐷 𝐶!" =1
𝐷 𝑡 = 𝑒#)%'

è3D	real	rep
𝑋''𝑈'' = 𝕀!×!

𝑋%𝑈% =
1 0 0
0 1 0
0 0 𝑒#)%'

DT2 ⊕DU2,  k= 00𝑢𝜋 , (00,−𝑢𝜋)
𝐷 𝑡 = 𝑒#*)%'⊕𝑒+#*)%', 𝐷 𝐶!" =𝑒#$⊕ 𝑒!"# 𝜔 = $%

&

è 3D real rep

𝑋%𝑈% =
cos𝑢𝜋𝑡! −𝜁 ⋅ sin𝑢𝜋𝑡! 0
𝜁 ⋅ sin𝑢𝜋𝑡! cos𝑢𝜋𝑡! 0

0 0 1

𝑋''𝑈'' =
cos𝜔 −𝜁 ⋅ sin𝜔 0
𝜁 ⋅ sin𝜔 cos𝜔 0

0 0 1
𝜔 = ()

!

𝒖𝝅 is spiral angle!

Pure spatial 
symmetry
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All O(N) representations

O(1): Types I – II  
O(2): Types I – VIII
O(3): Types I – XVI

• O(N) (N=1,2,3) rep decomposes into
• (N-m) trivial (identity) representations
• A nontrivial O(m) rep consisting of

• Real irrep of P
• Complex irrep and its conjugation
• (No pseudo-real irrep, because they at least induce 

4D real rep)

• Real irrep 𝜌!, 𝜌! ↑ 𝑃 "#$,&,'
(

• k must be TRS-invariant
• 𝑃 /|𝑃𝒌|=1, 2, 3 (k-star)

• Complex irrep 𝜌!, 𝜌! ↑ 𝑃 $
)⊕ 𝜌!∗ ↑ 𝑃 $

)

• k can be TRS-invariant or not
• 𝑃 /|𝑃𝒌|=1
• Spiral magnetism if fixed points of Pk form line/plane/bulk

(d: dimension)

All types of nontrivial O(m) reps  

𝜌,’s are available on the Bilbao Crystallographic Server
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Equivalence & O(3) rep classes
• A. Coordinate transformation in spin space

è Equivalent O(3) reps define the same SSG

• B. Coordinate transformation in real space
èExample, Pi ⊕ PCi (i=1,2,3),  𝑃 = (U

V
, WU
V
, 𝑣𝜋)

𝑈!( =
cos 𝜋 /3 − sin 𝜋 /3 0
sin 𝜋/3 cos 𝜋 /3 0
0 0 1

𝑈!) =
cos 2𝜋/3 − sin 2𝜋/3 0
sin 2𝜋/3 cos 2𝜋/3 0

0 0 1
𝑈!' =

cos 𝑣𝜋 − sin 𝑣𝜋 0
sin 𝑣𝜋 cos 𝑣𝜋 0
0 0 1

Pi ⊕ PCi have the same rep of translations

Pi ⊕ PCi have different reps of C3 

𝑈"' =
cos𝜔 − sin𝜔 0
sin𝜔 cos𝜔 0
0 0 1

𝜔 =
𝑖 − 1 2𝜋

3

P1 ⊕ PC1

Re-choice of origin: C3 à t2*C3, D(C3) changes accordingly è PC1 ~= PC2 ~= PC3

• C. Continuous change of spiral angle
èExample, v in the P1PC1 rep. 

O(3) reps related by the equivalences are in the same class. 

Distinct O(3) classes define disticnt SSGs

t1t2
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Complete classification
All (16) non-coplanar SSGs with the parent SG P3

1421= #MSGs of types I, III, IV 

Naming convention:   𝜶𝑰. 𝑱. 𝑲 𝝆
𝜶 =L, P, N (for collinear, coplanar, non-coplanar)

𝑰 =1…230 (parent SG)
𝑱 =1…16 (type of the SSG)
𝑲 =1… (SSG index for given 𝛼𝐼. 𝐽)
𝝆 = GM1, A1⋯ (name of the irreps)
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Electronic band theory in SSG
• Electrons are spin-1/2 particles è They form projective rep of SSG

• It has SSG symmetry  𝑋𝑈|𝑅|𝒗 , 𝑋𝑈 ∈ 𝑂(3) if

• When acting on electron states, 𝑔 = 𝑋𝑈|𝑅|𝒗 è 5𝑔 = 6𝑋7𝑈|𝑅|𝒗
• B𝑋 = 1, 𝑖𝜎&𝐾 for 𝑋 = 𝐼, 𝑇

• For 𝑈 = 𝑈𝒏(𝜃), H𝑈 = exp −𝑖 (
)
𝒏 ⋅ 𝝈

• 8𝒈’s form projective rep of the SSG
• If 𝑔*𝑔) = 𝑔+, then 

angleaxis
5𝑔 ⋅ ℋ ⋅ 5𝑔<$ = ℋ

𝜓(𝒓) at each r is a two-by-one vector

arXiv.2307.10364, accepted in PRX



Electronic band theory in SSG

• Coplanar SSG:

• Isomorphic to grey MSG, 𝑋#𝑈# chosen to be unitary, 𝑇$%%& = 1
• Projective rep is given by 𝑯𝟐(𝑴,𝑼 𝟏 ), M: type-II MSG (grey group)

• Non-coplanar SSG:
• Isomorphic to type-I, III, IV MSG

• g with 𝑋* = 𝑇 correspond to anti-unitary operations in MSGs
• g with 𝑋* = 𝐼 correspond to unitary operations in MSGs

• Projective rep is given by 𝑯𝟐(𝑴,𝑼 𝟏 ), M: type-I, III, IV MSG

• Collinear SSG: electrons form linear rep of grey groups
If SSG is given by the trivial 1D irrep
If SSG is given by nontrivial 1D irrep

In each spin sector, symmetry group is the grey group 𝐺(×𝒮)-.

ℎ ⋅ 𝐺/ are those represented by D(g)=-1, spin 
flipping operations.
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SSG Brillouin zone
• (Unitary) spin-space translations �̂�= (i=1,2,3), may involve nontrivial spin rotations
• Commuting {�̂�=}: 8635 of 9542 coplanar SSGs, 53107 of 56512 non-coplanar SSGs

• è SSG Brillouin zone (SBZ) , �̂�/ ⋅ 𝜓0 = 𝑒/00 𝜓0
• Nonsymmorphic SBZ: 

• Example: glide in SBZ
• �̂�* = {𝜎1|1|100},  �̂�) = {𝜎2|1|010},  �̂�+ = {𝜎2|1|001},  H𝑀1 = {𝜎3|𝑚1|000}
• H𝑀1 �̂�* H𝑀1

4* = −�̂�*,    Mz:  𝑘*, 𝑘), 𝑘+ → (𝑘* + 𝜋, 𝑘), −𝑘1)

]𝑔 ⋅ 𝜓0 ∝ 𝜓01 , 𝒌5 = 𝑠!(𝑅!𝒌 + 𝒒!)

fractional 
translation 

in SBZ

cell

z=1/4 z=3/4 z=1+1/4 z=1+3/4

3501 of 8635 coplanar SBZs are nonsymmorphic
15300 of 53107 non-coplanar SBZs are nonsymmorphic

Symmorphic SBZ Nonsymmorphic SBZ

5𝑔<$�̂�= 5𝑔 = 𝑒=&>?6(A)�̂�𝑔<$𝑡=𝑔 = 𝜏
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SSG Brillouin zone
• Non-commuting {�̂�=}: 907 of 9542 coplanar SSGs, 3405 of 56512 non-coplanar SSGs

• 𝑡* , 𝑡& = 0,     𝑡*,& , 𝑡, = 0,     effective pi flux along t3
• 𝑡* , 𝑡&,, = 0,    𝑡& , 𝑡, = 0,     effective pi flux along t2 and t3
• 𝑡- , 𝑡. = 0 (𝑖 ≠ 𝑗), effec;ve pi flux along t1, t2, and t3
• Example: 

�̂�* = {𝑖𝜎/|1|100},  �̂�& = {𝑖𝜎0|1|010},  �̂�, = {𝜎(|1|001}

Bands should be labeld by eigenvalues of {�̂�* , �̂�&& , �̂�,}

Suppose |𝜓(𝒌)⟩ has energy 𝐸(𝒌), then �̂�)|𝜓(𝒌)⟩ is another state at 𝒌 + 𝟏
𝟐
𝒃& with the same energy

Thus the SBZ is duplicated as in pi-flux models

cell

𝑖𝜎/

𝑖𝜎0

−𝑖𝜎/

−𝑖𝜎0

�̂�* ⋅ �̂�) ⋅ �̂�*4* ⋅ �̂�)4* = 𝜎3𝜎&𝜎3𝜎& = −1

Non-commuting SBZ
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Spin texture
• Collinear SSG, 442 of 1421 have nontrivial spin texture

• There must be 𝐸7 𝒌 = 𝐸7 −𝒌 (𝑠 =↑, ↓) as each spin sector respects grey group 𝐺2×𝒮8-.
• If SSG is given by trivial rep, then it’s ferromagnetic, no spin texture
• If SSG is given by nontrivial rep

• h is translation è 𝐸↑ 𝒌 = 𝐸↓ 𝒌 , no spin texture
• h is inversion è 𝐸↑ 𝒌 = 𝐸↓ −𝒌 = 𝐸↓ 𝒌 , no spin texture
• Otherwise è Nontrivial spin texture, d-,g-,i-wave-like

Šmejkal et al., PRX 12, 
040501 (2022)

• Non-collinear SSG, 3920 (37807) coplanar (non-coplanar) symmorphic SBZ has nontrivial spin 
texture
• Span of 𝑆(𝒌) in SBZ 𝑑;<=
• Span of 𝑆(𝒌) in BZ (crystal momenta) 𝑑<=
• 𝑑;<=/<= could be 0,1,2,3 for coplanar or non-coplanr SSGs
• SSG has a nontrivial spin texture if 𝒅 > 𝟎 and 𝑺𝒕𝒐𝒕 = 𝟎
• In symmorphic BZ/SBZ, S(k) is characterized by a rep

arXiv.2307.10364, accepted in PRX



SSG Tables
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Magnetic materials
• MAGNDATA on the Bilbao Crystallographic Server

• Excluding entries with non-integer occupations, there are 1604 experimental magnetics structures
• We identify SSG for each of them
• Properties such as SBZ, 𝑑;<=, 𝑑<=, spin-textures are immediately identified (without referring to 

microscopic detail)

1. Commuting Symmorphic SBZ
2. d234 = d34 = 2
3. Spin texture: E2g of 6/mmm
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Material examples

Non-symmorphic SBZ è
extra degeneracy

Four-fold

Nontrivial spin texture
(E2g of 6/mmm)

Nontrivial spin texture
(Eg of Oh)
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Topological states
SOC-free and TRS-free 2D Z2 TI

SOC-free and TRS-free 3D Z2 TI (with double Dirac cone on surface)
Protected by A𝑀+ C𝑇 (squares to —1) and glide {𝑀,--|0,0,1/2 } Topological domain wall

\𝑀"�̂� squares to -1
Hoppings are real
SOC=0
Topology comes from non-collinear magnetism

See also [Liu et al, PRX 12, 021016 (2022)]

\𝑀2�̂� related magnetic domains
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Effects of SOC

NSOC SOC Kitaev spin model
• Symmetry 𝐺KLMM×𝐺/NM, 𝐺/NM = 𝐷)×𝑍)O ≅ 𝑍)+

• Little groups of SSB state: 𝐻* 𝐺KLMM , 𝑍)+

• 𝐻* 𝐺KLMM , 𝑍)+ are given by three 1D real irreps
= types I, II, III, IX SSGs

Some SSGs are still valid
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