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Spin-space groups

(C) Altermagnetism

Theory of spin-space groups : * A
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Group Structure

Spin Space Group: G = {{X -U|R|v} | {X - U|RJv}-S =8} U:S0(3)spin-rotation

S'(r;) = s(X)-U - S({R|v}~'ry)

Parent Space Group: P = {{R|v} | {X - U|RJv} € G}

* Non-coplanar
Local symmetry: None
For every g € P, assign a spin operation X, U, € 0(3)
G: a 3D real representation of P

* Coplanar, G=5xG
Local symmetry: S = {{{I[1]0}, {T"- U:(m)[1]0}} = Sz
For every g € P, assign a spin operation X, U, € 0(2)
G: a 2D real representation of P

* Collinear, G=8xG
Local symmetry: S =Sz X Sy
For every g € P, assign a spin operation X, U, = +1 € 0(1)
G: a 1D real representation of P

X:lorT (time-reversal)
s()=1, s(T)=-1

All subgroups of PX0(3)
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0(3): Examples (P=P3,non-coplanar)

GVl
(identity)

Pure spatial

symmetry #

Al (k=00pi)
D (C3Z) ='1
D(t) = e'™t3

= 3D real rep
XC3 Uc3 = 343

10 0
XU =[o 1 o0

0 0 elts

)

GM2GMS3, L=+-1 rep
Dt)=1@®1, D(C3) =@ e (a) _ 2_n)

3

= 3Dreal rep
XUy = l343
cosw —(-sinw 0
XeUe, = <Z -sinw  cosw 0) (a) = 2?")
0 0 1

| | |

.
wl w} X

A global spin rotation may change { = { = *1 correspond to the same SSG

{ =1 corresponds to MSG P3’
{ = —1 corresponds to SSG symmetry (SOC=0)

DT2 @ DU2, k=(00urm), (00, —urm)
D(t) = etz @ e~Wmts D(Cy,) = el® @ e~ ((u _ 2

3

= 3D real rep
cos urmts —( -sinunt; 0
XUy =|¢ sinunt;  cosumt; 0
1
cosw —(-sinw 0
XC3UC3 = <C - sinw Ccos w 0> (a) = 2?")
0 0 1

um is spiral angle!
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All O(N) representations

* O(N) (N=1,2,3) rep decomposes into
* (N-m) trivial (identity) representations
* A nontrivial O(m) rep consisting of

* Realirrep py, [pr T Plg=123
k must be TRS-invariant
* |P|/|Px|=1, 2, 3 (k-star)

* Realirrep of P

* Complexirrep and its conjugation
* (No pseudo-real irrep, because they at least induce

4D real rep)

(d: dimension)

* Complexirrep py, [px T P11 @ [pg T P11

 Spiral magnetism if fixed points of Pk form line/plane/bulk

k can be TRS-invariant or not

|P|/|Px|=1

O(1): Types I -1l
0(2): Types | = VIII
O(3): Types | — XVI

All types of nontrivial O(m) reps

Type Trreps |P|/|P*|| TRS [HSP

I 1 1 v v
1 lok T Pl 1 |/
I ol - - -
IV ok T P @ [px T PI§ 1 vorX| v/
VvV |lee T Pli®[pr T Pli| 1 X | X
VI (o T PJ5 1 V|
v [pr T Pl3 2 vorX| v/
VIII [o T P5 2 x | x
IX-XIV II & (III-VIID) - - -
XV (ow T P[5 1 vl

XVI (o T Pl5 3 vl

pi’s are available on the Bilbao Crystallographic Server

bilbao crystallographic server

About us. Publications

Space-group symmetry

Magnetic Symmetry and Applications

How to cite the server

Group-Subgroup Relations of Space Groups

uuuuu

Quick access
to

'some tables
Space Groups
Plane Groups
Layer Groups
Rod Groups
Frieze Groups

2D Point
Groups

3D Point
Groups
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Equivalence & O(3) rep classes

* A. Coordinate transformation in spin space
=>» Equivalent O(3) reps define the same SSG

* B. Coordinate transformation in real space

. .. 2
=>»Example, Pi & PCi (i=1,2,3), P = (g,?n,vn) P1 & PC1
Pi @ PCi have the same rep of translations
cosm/3 —sinm/3 0 cos2m/3 —sin2m/3 0 cosvt —sinvr 0
Uy, = <sinn/3 cosm /3 0> U, = (sin 2m/3  cos2m/3 0) Up, = | sinvr  cosvmr 0
0 0 1 0 0 1 0 0 1
Pi @ PCi have different reps of C3
cosw —sinw 0 .
—1)2
Ue, = (sinw Cos W 0) W= (i~ 2n
0 0o 1 3

Re-choice of origin: C3 - t2*C3, D(C3) changes accordingly =» PC1 ~= PC2 ~= PC3

* C. Continuous change of spiral angle  0(3) reps related by the equivalences are in the same class.
>Example, vin the P1PC1 rep. Distinct O(3) classes define disticnt SSGs
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Complete classification

All (16) non-coplanar SSGs with the parent SG P3 Now-epirl

& spiral

§ tﬂ{ ¢ ”}L"§ § *—0' -4 ¥4 ,\} x® 'dl\ ; ,,\ }: j -7 Collinea’SSG M
‘ § § '°~$—°' . $ / "T“" 4 | || \J’\f W 'R,Q '§ _Q Maz‘IZ;iEIII)s’:OQ(;S))(ZM) HazimEsGs oftypes |11 IV
¢ ~

}f ; CoplanakiSSG

(a) N143.1.1 GM1 (b)N143.2.1 Al (c)N1433.1 A1®Al  (d)N143.4.1 GM2GM3 (e)N143.42 A2A3 (f)N143.5.1 DT1DU1 Hl([’ 0(2)) b = W]
Ay R Ao A x ’ v
— p— — — 3 Materials: )
DI rVE E E T B ; s 009
'%\ — - } > Non-coplanar 48767%
%, 1l N S\esS L P SSG (56512) |
vy .~ b oter | H(P.O(3)) 7745 o B
/ ¢ A — —fogler § ; b = }f ~ aterials: A
R;ﬂ !\ \‘}f - R § \ Materials: 205 (66)
(g)Nl4352DTZDU2 (h) N143.5.3 PIPCI (())N143.9.1 Al Al DAL ())N143.10.1 Al®GM2GM3 (k) N143.10.2 A1 ®A2A3
3 b il . .
; :‘I A AR 7 \I CNg B T}:\ SN . Naming convention: al.].K p
$ w?z..- NIPAR K \; \ 1 i T )’ \—é}gi N g a =L, P, N (for collinear, coplanar, non-coplanar)
3 *}i: 4 i ;!4 J# x I’F ) el N ;:,,x,g?gg%klj, I =1...230 (parent SG)
NS A e J =1...16 (type of the SSG)
() N143.11.1 A1®DTIDU1 (m)N143.11.2 A1 ®DT2DU2. (n)N143.11.3 A1 ®PIPC1 (0) N143.16.1 M1 (p)N143.16.1 L1 K =1 (SSG index fOI’ given (ZI ])

p = GM1, A1 --- (name of the irreps)



arXiv.2307.10364, accepted in PRX

Electronic band theory in SSG

. Electrqgs are spin-1/2 particles =» They form projective rep of SSG
il = ;)mao +V(r)op+JS(r) o
* It has SSG symmetry {XU|R|v}, XU € 0(3) if [V('r) =V({RJv} 'r), S(r)= s(X)US({R|v}_1r)]
* When acting on electron states,[g = {XU|R|v}=> g = {XﬁlRlv}]
« X=1io,KforX=1,T _
* ForU =Uyn(8), U = exp (—ign : a) Eg -P)(r) = X, gQP("”)J %(r) at each ris a two-by-one vector

g‘.}[.g‘—lz}[

angle

* g’s form projective rep of the SSG
* If g19, = g3, then

92 91 A A A~

B i s > o - L L/ P - "
g1+ 92 = wa(91,92)33 wy(g1,92)=etIMIT TR0 gl X L X L X
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Electronic band theory in SSG

* Collinear SSG: electrons form linear rep of arev aroups
If SSG is given by the trivial 1D irrep G = G x [Syr X Su)]
2

If SSG is given by nontrivial 1D irrep G =(Go +k -Go) % [SZQT 5% 3U(1)] JZ G.0 are thos: represented by D(g)=-1, spin
ipping operations.

In each spin sector, symmetry group is the grey group GOXSZZT

e Coplanar SSG:
8 = {7110}, {T - Ux(m)[1|0}} = S 7
* Isomorphic to grey MSG, X, U, chosen to be unitary, Tesz =1
* Projective rep is given by H2(M, U(1)), M: type-ll MSG (grey group)

* Non-coplanar SSG:
* Isomorphic to type-l, lll, IV MSG
* gwith X, = T correspond to anti-unitary operations in MSGs

* gwith X, = I correspond to unitary operations in MSGs

* Projective rep is given by H? (M, U(1)), M: type-l, llI, IV MSG
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SSG Brillouin zone

* (Unitary) spin-space translations £; (i=1,2,3), may involve nontrivial spin rotations

« Commuting {t;}: 8635 of 9542 coplanar SSGs, 53107 of 56512 non-coplanar SSGs  etional
ractiona

« =» SSG Brillouin zone (SBZ), £; - |1y ) = e**i|ip,,) translation
* Nonsymmorphic SBZ: in SBZ

g_ltig =T g\—lfig\ = eiZ"‘“(g)f g ’ |1/}k> X |l/)k’>: k' = Sg(ng + qg)

* Example: glide in SBZ
. f1A= {0,|1]100}, t, = {09]1]010}, &5 = {0,/1|001}, M, = {g,|m,|000}
b szle_l = _i’:ll Mz: (kll kz, k3) - (kl + TT, kz, _kz)

ﬁ l ‘ l Symmorphic SBZ Nonsymmorphic SBZ
L J ide

2=1/4 2=3/4 =1+41/4  z=143/4 . gl
miryor -

3501 of 8635 coplanar SBZs are nonsymmorphic
15300 of 53107 non-coplanar SBZs are nonsymmorphic
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SSG Brillouin zone

« Non-commuting {£;}: 907 of 9542 coplanar SSGs, 3405 of 56512 non-coplanar SSGs
« {t;,t,3=0, [t1,t3] =0, effective pifluxalongt3

« {ti,t;3} =0, [t;,t;]1 =0, effective pifluxalongt2 and t3 —ioy Non-commuting SBZ
<7
« {t,t;}=0( #)), -effective pifluxalongtl,t2, and t3 i
 Example: duplicate
£, = {ioy|1]100}, £, = {igy|1]|010}, &5 = {0p]|1]001} —loy ioy
Bands should be labeld by eigenvalues of {t,, {2, {5} Loy

ts[p(k)) = e [p(k)) , & (k) = e [p(k))
Suppose [P (k)) has energy E (k), then £, | (k)) is another state at k + %bz with the same energy

fify |Y(K)) = —fofs [1h(k)) = eilk+iborarfy [y (k))

~

Thus the SBZ is duplicated as in pi-flux models
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Spin texture

* Collinear SSG, 442 of 1421 have nontrivial spin texture
* There must be Eg(k) = E;(—k) (s =T,!) as each spin sector respects grey group GOXSZZT

» |f SSG is given by trivial rep, then it’s ferromagnetic, no spin texture

* If SSG is given by nontrivial rep G = (Go + h - Go) X [Szr X Sy(1)]

* his translation =& E;(k) = E,(k), no spin texture 2
* hisinversion = E;(k) = E\(—k) = E|(k), no spin texture . + Smejkal et al, PRX 12,
* Otherwise =» Nontrivial spin texture, d-,g-,i-wave-like @) 040501 (2022)

[C2]1A]

* Non-collinear SSG, 3920 (37807) coplanar (non-coplanar) symmorphic SBZ has nontrivial spin
texture

Span of S(k) in SBZ dsgy

Span of S(k) in BZ (crystal momenta) dgy

dspz Bz could be 0,1,2,3 for coplanar or non-coplanr SSGs
SSG has a nontrivial spin texture if d > 0 and S;,; = 0

In symmorphic BZ/SBZ, S(k) is characterized by a rep

TABLE III. The dimensions dspz/dpz of the span of spin tex-
ture S'(fc)/g(k) in the SBZ/BZ of non-collinear SSGs. Columns
and rows specify spin-rotations that accompany translations (¢;) and
space-time reversion PT, respectively. {Us,} = {Un(6;)} means
that all the translations are accompanied by spin rotations along the
same axis n by 0; (i = 1, 2, 3), and at least one 0; is nonzero.

i {Us:} Identity {Un(6:;)} Non-commuting
Absent 3/3 /1 1/0
Identity 0/0 1/0 1/0

1/1 (m L n)
Um () 2/2 10 (m || n) 1/0
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SSG Tables

TABLE 437: Non-coplanar SSGs with parent space group P3 (No. 143).

SSG Commute  dspz dsyz, Symsrrllgozrp L Sym of S (I;:) Representation
N143.1.1 GM1 Vv 3 3 Y 3 AlQ Al DAL
N1432.1 Al b 3 3 4 3 A, ®A, DA,
N1433.1 A1@ Al i 1 1 il g Al
N143.4.1 GM2GM3 i’ 3 3 ol 3 Al9’E®'E
N143.4.2 A2A3 Vv 1 1 v 3 Al
N143.5.1 DT1DU1 Vv 1 1 v 3 Al
N143.5.2 DT2DU2 Vv 1 1 o 3 Al
N143.5.3 P1PC1 vk 1 1 &/ 3 Al
N1439.1 A1® Al e Al Vv 3 3 i 3 AvOA DA,
N143.10.1 A1® GM2GM3  / 3 3 3/ 8 A.0°E, 0 'E,
N143.10.2 A1 @ A2A3 o 3 3 o/ 3 A, ®%E. 0 'E,
N143.11.1 A1®DT1DU1 o 1 1 a 3 A,
N143.11.2 A1 @ DT2DU2 v 1 1 v 3 Ay
N143.11.3 A1 @ P1PC1 v 1 1 i 3 Ay
N143.16.1 M1 X - - £ - =
N143.16.2 L1 X - . . s .
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Magnetic materials

* MAGNDATA on the Bilbao Crystallographic Server
* Excluding entries with non-integer occupations, there are 1604 experimental magnetics structures

* We identify SSG for each of them

* Properties such as SBZ, dsgz, dgz, spin-textures are immediately identified (without referring to

microscopic detail)

Trans from

1. Commuting Symmorphic SBZ

BCSID  Chemical formula MSG parent structure PSG Rep S,SG 2 dSBZ _ dBZ _ 2
. e I;‘;l 1/25.90 “&LE0N.0 I;;l}i aM2* plyiary 3. Spin texture: E2g of 6/mmm
0.377 Mn3Ge el a.b,c:0,0,0 11‘13%»3 ﬁimc F— FISAG]
0385 LiCoPO, l;;'ll/i;4'89 ab,60,00 e aMreaMs g%
0.387 FesBOs ];‘;,2662',? o be,a;0,0,0  NO2Gro- il
0.579 NazNiFeF; ?:;;‘};16,'655 a,b,¢;0,0,0 I}IT‘:"ZL‘; aMat 27131.?
0580 Na,NiFeF; ?72;77”‘,‘;16,'655 a,b,¢;0,0,0 I}I;TZ;; oMt P(’Z;éf
0583 FeaFs(Hy0p | o700 ab,e0,00 N gy R

NEELEREE

L)

1A A A
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Material examples

(¢) 1.0

0.5

Energy (eV)
(=}

N
N

L~

.0
I XS YI'Z UR TZ

FIG. 5. (a) The magnetic structure of CoSO4 showing only the mag-
netic atoms (Co). (b) The first BZs in the SSG reciprocal lattice b;’s
(black lines) and MSG reciprocal lattice bas;’s (green region). (c)
The energy bands obtained from the first-principle calculation. At
every k, E(k) is at-least two-fold degenerate.

Non-symmorphic SBZ =
extra degeneracy

FIG. 7. (a) The magnetic structure of Mn3Ge showing only the mag-
netic atoms (Mn). (b) The Fermi surface of Mn3zGe, which is cen-
tered at A (k = (0,0, 7)) point. Only the lower half is shown, and
the full Fermi surface is symmetric with respect to k. = 7. Different
colors represent equal-k lines. (c) The spin texture S (k) on equal-
k. lines labeled in (b). Arrows represent the directions of S(k).

Nontrivial spin texture
(E2g of 6/mmm)

FIG. 8. (a) Magnetic structure of Mn3GaN showing only the mag-
netic atoms (Mn). (b) The Fermi surface of MnsGaN. (c), (d) The
spin texture S(k) on the 111 plane (k. + ky + k. = 0) and 001 plane
(k- = 0) in the momentum space. The background colors denote the
values of E(k) (see the left color bar). The outer hexagon in (c) and
the square in (d) denoted the boundary of the first BZ projected to
these planes. In (c), §(k)’s are coplanar on the 111 plane. In (d),
§(k)’s are not confined to the 001 plane, and the red or blue color
(the right color bar) represents the value of .S (k).

Nontrivial spin texture
(Eg of Oh)
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Topological states

SOC-free and TRS-free 2D Z2 Tl

1\772’7’ squares to -1

Hoppings are real

SOC=0

Topology comes from non-collinear magnetism

)

<z 'I-'
—_ (‘.

(a) (b

See also [Liu et al, PRX 12, 021016 (2022)] " ks

SOC-free and TRS-free 3D Z2 TI (with double Dirac cone on surface)

Protected by M,T (squares to —1) and glide {M;,]0,0,1/2 } Topological domain wall

My’f’ related magnetic domains

(d

@ ®)

-

@ T Z I X U X I(g)

F % XU X P Tk ke T ZTXUXT
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magnetic domain wall

_______________________________________________________

Non-spiral Electron Topology Spin texture SSG Brillouin zone
& spiral representation
CollineaiSSG linear rep of grey  TSM <@> Ll
(1&21L) group Gy x Z¥ =1 ‘ i
1 0 = No TI mirror | =BZ
H(P,0(1)) (alter-magnetism)
Materials: 963 (234) 141 (41) 963 (234)
8767 7/\4)7 = symmorphic non-commuting
x i
(8542) | M type-I MSG  Mirror Chern & L g I.g,i " duplicate
H'(P,0(2)) LA | derivatives \‘l‘\‘ ‘“‘M s st J L L
Materials: 436 (84) 181 (43) 265 (52) 148 (31) 23 (1)
= symmorphic non-commuting
48767 TSM - hi
Non- lanar M non-symmorphic
e HMU®D) 3D Z,TI @: ) Haz el
SSG (56512) : 282 = L uplicate
Hl P O 3 eﬂ' type_I’ III’ IV Chem & A‘ }x L J g’lde
T o ‘} jj .
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Effects of SOC
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